Let (X, h) be a compact and irreducible Hermitian complex space of complex dimension v > 1. In this paper we show that the Friedrich extension of both the Laplace-Beltrami operator and the Hodge-Kodaira Laplacian acting on functions has discrete spectrum. Moreover for the Friedrich extension of the Laplace-Beltrami operator we also provide an estimate for the growth of its eigenvalues. Finally we give some applications to the Hodge-Dolbeault operator and to the Hodge-Kodaira Laplacian in the setting of Hermitian complex spaces of complex dimension 2.
Introduction
Complex projective varieties endowed with the Fubini-Study metric, and more generally Hermitian complex spaces, provide an important class of singular spaces with a rich and beautiful interplay between analysis, geometry and topology. On the analytic side an active research field is given by the study of the L 2 properties of the natural differential operators arising in this setting, such as the Dolbeault operator, the de Rham differential and the associated Dirac operators and Laplacians. Just to cite a small portion of the literature devoted to these questions we can mention here [8] , [9] , [17] , [21] , [23] , [24] , [25] , [26] , [27] , [29] , [30] and [34] . The topics usually investigated in these papers include the existence of self-adjoint extensions with discrete spectrum for the Hodge and the Hodge-Kodaira Laplacians, the L 2 -∂-cohomology and L 2 -de Rham cohomology, the L 2 -Stokes theorem for the de Rham operator and so on. Let us know carry on by explaining the main goal of this paper: consider a compact and irreducible Hermitian complex space (X, h). We are interested in the properties of the Laplace-Beltrami operator and the Hodge-Kodaira Laplacian acting on functions
(1) and (2) . Let us now provide more details by describing how the paper is sort out. The first section contains some background materials. The second section collects some abstract results that will be used during the proof of some of our main results. The third section is the main one and is devoted to the study of (1) and (2) . The first result we prove is a Sobolev embedding theorem in the setting of compact and irreducible Hermitian complex spaces:
Theorem 0.1. Let (X, h) be a compact and irreducible Hermitian complex space of complex dimension v. Then we have the following properties:
0 (reg(X), h) = W 1,2 (reg(X), h).
2. Assume that v > 1. Then we have a continuous inclusion W 1,2 (reg(X), h) → L 2v v−1 (reg(X), h).
3. Assume that v > 1. Then we have a compact inclusion W 1,2 (reg(X), h) → L 2 (reg(X), h).
Then we proceed by using the above result to show the existence of a self-adjoint extension with discrete spectrum of (1) providing in addition an asymptotic estimate for the growth of the corresponding eigenvalues:
Theorem 0.2. Let (X, h) be a compact and irreducible Hermitian complex space of complex dimension v > 1. Consider the Laplace-Beltrami operator ∆ : C ∞ c (reg(X)) → C ∞ c (reg(X)) and let
be its Friedrich extension. Then (3) has discrete spectrum and
is a core domain for (3) .
be the eigenvalues of (3). Then lim inf λ k k
be the heat operator associated to (3). Then (6) is a trace class operator and its trace satisfies the following estimate
for 0 < t ≤ 1 and for some constant C > 0.
We observe that in the setting of complex projective varieties whose regular part is endowed with the FubiniStudy metric Th. 0.1 and Th. 0.2 have been proved in [17] . Moreover Th. 0.2 had been already proved in [20] and [28] in the setting of projective varieties with isolated singularities and complex dimension 2 and 3 respectively. Concerning (2) we prove the following theorem: Theorem 0.3. Let (X, h) be a compact and irreducible Hermitian complex space of complex dimension v > 1. Consider the Hodge-Kodaira Laplacian acting on functions ∆ ∂ : C ∞ c (reg(X)) → C ∞ c (reg(X)) and let
be its Friedrich extension. We have the following properties:
1. (8) has discrete spectrum, 2. The natural inclusion D(∂ min ) → L 2 (reg(X), h) is a compact operator where D(∂ min ) is endowed with the corresponding graph norm.
We remark that if sing(X) is made of isolated points then Th. 8 is contained in [29] . Furthermore we stress on the fact that Th. 0.1, Th. 0.2 and Th. 0.3 do not require assumptions neither on the dimension of X nor on sing(X). The remaining part of the third section contains some applications and corollaries of the above theorems. Finally the fourth section is devoted to the Hodge-Kodaira Laplacian and the Hodge-Dolbeault operator in the setting of Hermitian complex spaces of complex dimension 2. More precisely thanks to Th. 0.2 and Th. 0.3 we are able to extend to the case of 2-dimensional Hermitian complex spaces the results proved in [2] in setting of complex projective surfaces. We conclude this introduction by recalling the following theorem from the fourth section:
Theorem 0.4. Let (X, h) be a compact and irreducible Hermitian complex space of complex dimension v = 2. For each q = 0, 1, 2 we have the following properties:
1. ∆ ∂,2,q,abs : L 2 Ω 2,q (reg(X), h) → L 2 Ω 2,q (reg(X), h) has discrete spectrum.
∂ 2,max
• (reg(X), h) has discrete spectrum.
: L 2 Ω 2,q (reg(X), h) → L 2 Ω 2,q (reg(X), h) has discrete spectrum.
Assume now that h is Kähler. Let q ∈ {0, 1, 2} and consider the operator ∆ ∂,2,q,abs : L 2 Ω 2,q (reg(X), h) → L 2 Ω 2,q (reg(X), h).
Let 0 ≤ λ 1 ≤ λ 2 ≤ ... ≤ λ k ≤ ...
be the eigenvalues of (9). Then we have the following asymptotic inequality
as k → ∞.
Consider now the heat operator associated to (9) e −t∆ ∂,2,q,abs :
Then (11) is a trace class operator and its trace satisfies the following estimate
Tr(e −t∆ ∂,2,q,abs ) ≤ C q t −2 (12) for t ∈ (0, 1] and some constant C q > 0.
Background material
We start with a brief reminder about L p -spaces and differential operators. Let (M, g) be an open and possibly incomplete Riemannian manifold of dimension m and let E be a vector bundle over M of rank k endowed with a metric ρ. Let dvol g be the one-density associated to g. For every p with 1 ≤ p < ∞ L p (M, E, g) is defined as the space of measurable sections s such that
we have a Banach space, for each p ∈ (1, ∞) we have a reflexive Banach space and in the case p = 2 we have a Hilbert space whose inner product is given by
, the space of smooth sections with compact support, is dense in
is defined as the space of measurable sections whose essential supp is bounded. Also in this case we get a Banach space. Consider now another vector bundle F over M endowed with a metric τ . Let
uniquely characterized by the following property:
From now on we restrict ourselves to the L 2 setting. We can look at P as an unbounded, densely defined and closable operator acting between L 2 (M, E, g) and L 2 (M, F, g). In general P admits several different closed extensions. We recall now the definitions of the maximal and the minimal one. The domain of the maximal extension of P :
In this case we put P max s = v. In other words the maximal extension of P is the one defined in the distributional sense. The domain of the minimal extension of P :
We put P min s = w. Briefly the minimal extension of P is the closure of
) . It is immediate to check that
) is the Hilbert space adjoint of P min / max respectively. We proceed now by recalling the notion of Sobolev space associated to a metric connection. Consider again a vector bundle E endowed with the metric ρ. Let ∇ :
be a metric connection, that is a connection which satisfies the following property:
. Clearly ρ and g induce in a natural way a metric on T * M ⊗ E that we label byρ.
be the formal adjoint of ∇ with respect toρ and g. Then the Sobolev space W 1,2 (M, E) is defined in the following way:
Looking at ∇ as a differential operator we have W 1,2 (M, E) = D(∇ max ). Moreover we have also the Sobolev space W 1,2 0 (M, E) whose definition is the following:
Similarly to previous case we have W
0 (M, E) are two Hilbert spaces. Concerning the notation, when E is the trivial bundle M × R, we will write W 1,2 (M, g) and W 1,2 0 (M, g). In this case it is straightforward to check that
where d max / min is respectively the maximal/minimal extension of the de Rham operator acting on functions:
We recall now the following results as they will be used later. 
Proof. Since U is compact there exists a compact submanifold with boundary N ⊂ M such that U ⊂ A where with A we label the interior of N . Therefore we have a continuous inclusion W 
. Therefore the statement of this proposition follows composing the two continuous inclusion
and noticing that f
In the remaining part of this introductory section we specialize to the case of complex manifolds. Our aim here is to introduce some notations and to recall some results from the general theory of Hilbert complexes applied to the Dolbeault complex. We invite the reader to consult [6] 
) as an unbounded and densely defined operator with domain Ω
) respectively its maximal and minimal extension. Analogous meaning has the notation ∂ p,q,max / min :
In the case of functions we will simply write ∂ :
and analogously ∂ :
(M ) respectively. It is easy to check that if ω ∈ D(∂ p,q,max / min ) then ∂ p,q,max / min ω ∈ ker(∂ p,q+1,max / min ). In this way we get two complexes, the minimal Dolbeault complex and maximal Dolbeault complex, which are in particular Hilbert complexes in the sense of Brüning-Lesch [6] . The maximal and the minimal L 2 -∂-cohomology of (M, g) is respectively the cohomology of the maximal and the minimal Dolbeault complex, that is:
In particular if H 
is finite dimensional then im(∂ p,q−1,min ) is closed. Also in this case we remark that analogous definitions and constructions hold for the complexes associated to ∂ p,q,max / min . Consider now the Hodge-Kodaira Laplacian
In the case of functions, that is (p, q) = (0, 0), we will simply write ∆ ∂ :
We recall the definition of two important self-adjoint extensions of ∆ ∂,p,q :
and
called respectively the absolute and the relative extension. The operator (15) , the absolute extension, is labeled in general with ∆ ∂,p,q,abs and its domain is given by
The operator (16) , the relative extension, is labeled in general with ∆ ∂,p,q,rel and its domain is given by
Briefly ∆ ∂,p,q,abs are the Laplacians associated to the maximal Dolbeault complex while ∆ ∂,p,q,rel are the Laplacians associated to the minimal Dolbeault complex. Consider now the Hodge-Dolbeault operator
where clearly . In this case we can think to ∂ p,min / max + ∂ t p,max / min as to the Dirac operator associated to the minimal/maximal Dolbeault complex respectively. Clearly, if we replace the operator ∂ p,q with ∂ p,q , then we get the analogous definitions and properties for the operators ∂ p,q,max / min , ∆ ∂,p,q , ∆ ∂,p,q,abs / rel , ∂ q + ∂ t q and ∂ q,max / min + ∂ t q,min / max . Moreover, according to [16] pag. 116, we have
and from these relations we easily get that
where * :
) is the unitary operator induced by the Hodge star operator. Now let us label by c :
the C-antilinear map given by complex conjugation.With a little abuse of notation we label again by
the natural map induced by (21) and, still with a little abuse of notation, we label by c the induced map on
Clearly both (22) and (23) are C-antilinear isomorphisms whose corresponding inverse is given by c :
We have the following well known properties: Proposition 1.3. In the setting describe above. On Ω p,q (M ) the following properties hold true:
Proof. For the first point see for instance [33] Prop. 3.6. The second point follows using the first point, (19) and the fact that the Hodge star operator commutes with the complex conjugation.
Now consider again M endowed with a Hermitian metric g. For each ω ∈ Ω p,q c (M ) it is easy to check that g(ω, ω) = g(c(ω), c(ω)). Using this equality and the other properties recalled above, we easily get that c induces a C-antilinear operator c :
which is bijective, continuous, with continuous inverse given by c :
). Finally we conclude this introductory section with the following proposition. Proposition 1.4. In the setting described above. The following properties hold true: Proof. This follows immediately by (20) , Prop. 1.3 and the properties of (25).
Some abstract tools
This section is concerned with an abstract result that will play an important role in the next section. We start by recalling the definition and the basic properties of the Green operator. Let H 1 and H 2 be separable Hilbert spaces whose Hilbert scalar products are labeled by , H1 and , H2 respectively. Let T : H 1 → H 2 be an unbounded, densely defined and closed operator with domain D(T ). Assume that im(T ) is closed. Let T * : H 2 → H 1 be the adjoint of T . Then im(T * ) is closed as well and we have the following orthogonal decompositions:
It is easy to check that
and T is self-adjoint and non-negative, that is T u, u H1 ≥ 0 for each u ∈ D(T ), then G T is self-adjoint and non negative as well. Finally we recall that G T : H 2 → H 1 is a compact operator if and only if the following inclusion
is endowed with the graph norm of T , is a compact operator. 
T
Proof. Clearly the first property implies the second one. Indeed the following inequality
for any u ∈ D(T * • T ) tells us that we have a continuous inclusion
where each domain is endowed with the corresponding graph norm. Hence the inclusion D(T * • T ) → H 1 is a compact operator and this amounts to the fact that T * • T : H 1 → H 1 has discrete spectrum. Assume now that T * • T : H 1 → H 1 has discrete spectrum. First we observe that the assumptions on
Let us define the Hilbert space H := H 1 ⊕ H 2 . Consider the unbounded and densely defined operator A :
As a next step we want to show that A is self-adjoint. Clearly we have
. This means that the map
is continuous with respect to the norm of H. On the other hand A(u, v), (x, y) H = T * v, x H1 + T u, y H2 . Hence (26) is continuous with respect to the norm of H if and only if
are both continuous with respect to the norms of H 1 and H 2 respectively. But this amounts to saying that x ∈ D(T ) and y ∈ D(T * ) that is (x, y) ∈ D(A). We can thus conclude that A * = A as desired. Since we assumed that T * • T :
is endowed with the corresponding graph norm. This in particular implies that the following inclusion
is endowed with the graph norm of T * •T . Hence we can conclude that G T * •T : H 1 → H 1 is a compact operator. According to [2] Prop. 2.2 we know that G T •T * : H 2 → H 2 is compact too and this in turn implies that also the inclusion
is endowed with the graph norm of T • T * . Consider now the unbounded and densely defined operator
and therefore we can conclude that the inclusion
is endowed with the corresponding graph norm. According to the above remark this is equivalent to saying that G A 2 : H → H is a compact operator. On the other hand we have
A , see for instance [2] Prop. 2.1. Therefore, since G A : H → H is a bounded self-adjoint operator with compact square, we can conclude that G A : H → H is compact too. This in turn amounts to saying that the inclusion D(A) ∩ im(A) → H is a compact operator where D(A) ∩ im(A) is endowed with the graph norm of A. On the the other hand we have
and D(T * )∩im(T ) are endowed with the corresponding graph norms. Eventually we thus proved that
is a compact inclusion. As we already know that ker(T ) is finite dimensional because ker(T ) = ker(T * • T ) and T * • T has discrete spectrum we can conclude that D(T ) → H 1 is a compact inclusion as desired.
Main results
This section contains the main results of this paper. We address the question of the existence of self-adjoint extensions with discrete spectrum for both the Laplace-Beltrami operator and the Hodge-Kodaira Laplacian acting on functions in the setting of compact and irreducible Hermitian complex spaces. We will show that in both cases the corresponding Friedrich extension has discrete spectrum. Moreover, in the case of the LaplaceBeltrami operator, we will also provide an asymptotic estimate for the growth of its eigenvalues. For the definition and the main properties of the Friedrich extension we refer to [18] . Concerning the topic of complex spaces we refer to [10] and [12] . Here we recall that an irreducible complex space X is a reduced complex space such that reg(X), the regular part of X, is connected. Furthermore we recall that a paracompact and reduced complex space X is said Hermitian if the regular part of X carries a Hermitian metric h such that for every point p ∈ X there exists an open neighborhood U p in X, a proper holomorphic embedding of U into a polydisc φ : U → D N ⊂ C N and a Hermitian metric g on D N such that (φ| reg(U ) ) * g = h, see for instance [22] or [30] . In this case we will write (X, h) and with a little abuse of language we will say that h is a Hermitian metric on X. Clearly any analytic sub-variety of a complex Hermitian manifold endowed with the metric induced by the restriction of the metric of the ambient space is a Hermitian complex space. In particular, within this class of examples, we have any complex projective variety V ⊂ CP n endowed with the Kähler metric induced by the Fubini-Study metric of CP n . Now we are ready to state the first result of this section. It is a Sobolev embedding theorem in the setting of compact and irreducible Hermitian complex space.
Theorem 3.1. Let (X, h) be a compact and irreducible Hermitian complex space of complex dimension v. Then we have the following properties:
2. Assume that v > 1. Then we have a continuous inclusion
Proof. According to [4] or [31] we know that (reg(X), h) is parabolic. Now the first property follows by Prop. 4.1 in [3] . The proof of the second property is divided in two steps. First we prove that a Sobolev embedding exists locally. Then, using a suitable partition of unity, we patch together these local Sobolev embeddings in order to get a global one. So the first goal is to prove the following statement:
• For every p ∈ X there exists an open neighborhood V of p such that we have a continuous inclusion W
If p ∈ reg(X) it is clear that the above statement holds true. Therefore we are left to deal with the case p ∈ sing(X). Since (X, h) is a Hermitian complex space we know that there exists an open neighborhood U p in X, a proper holomorphic embedding of U into a polydisc φ :
. Consider an open subset V of X with compact closure such that p ∈ V and V ⊂ U and let Y := φ(V ). Let g = dz . By the fact that (reg(Y ), ζ ) is a Kähler submanifold of (C N , g ) we know that (reg(Y ), ζ ) is a minimal submanifold of (C N , g ), that is its mean curvature vector field vanishes identically, see [13] Lemma 6.26. Therefore the Sobolev embedding theorem of Michael-Simon, see [19] , tells us that we have a continuous inclusion
Since ζ is quasi-isometric to ζ we have a continuous inclusion
and finally, by the fact that φ(V ) = Y and (φ| reg(V ) ) * g = h| reg(V ) we get our desired continuous inclusion
This establishes the first step of the proof. Now we start with the second part of the proof. As previously said now the goal is to patch together these local Sobolev embeddings. In order to achieve this purpose we are going to build a suitable partition of unity. For every point p ∈ sing(X) let U p be an open neighborhood of p with compact closure such that there exists a proper holomorphic embedding of U p into a polydisc φ p :
As we have seen above we have a continuous inclusion W
). In the same way, for every point q ∈ reg(X), consider an open neighborhood V q with compact closure such that V q ⊂ reg(X). According to Prop. 1.1 we have a continuous inclusion W
Hence, since X is compact, we can find a finite number of points q 1 , ..., q n ∈ reg(X) and p 1 , ..., p m ∈ sing(X) such that
is a finite open cover of X, V qi ∩ sing(X) = ∅ for each i = 1, ..., n and the Sobolev embeddings
hold for each j = 1, ..., m and i = 1, ..., n. By the fact that X is paracompact and Hausdorff we can find a continuous partition of unity {α q1 , ..., α qn , β p1 , ..., β pm } subordinated to the open cover W. For any q i with i ∈ {1, ..., n} let α qi : reg(X) → R be a smooth function such that α qi ≥ α qi , supp(α qi ) ⊂ V qi and α qi (p) = 1 if α qi (p) = 1. Clearly such a function exists. Likewise for any p j with j ∈ {1, ..., m} consider a continuous functions β pj : X → R such that β pj ≥ β pj , supp(β pj ) ⊂ V pj , β pj (p) = 1 if β pj (p) = 1, and β pj | reg(X) is smooth. In order to show that also such a function exists we argue as follows. Let Z pj := φ pj (U pj ) and let Y pj := φ pj (V pj ). Let us define χ pj := β pj • φ 
Similarly for each j ∈ {1, ..., m} let us define
We claim that {γ q1 , ..., γ qn , γ p1 , ..., γ pm }
is a continuous partition of unity subordinated to the open cover W such that:
3. there exists a constant c > 0 such that
for each i ∈ {1, ..., n} and for each j ∈ {1, ..., m} respectively.
That {γ q1 , ..., γ qn , γ p1 , ..., γ pm } is a continuous partition of unity subordinated to the open cover W follows immediately by the definitions of γ qi and γ pj . For the same reason the first two points in the above list are clear. We are therefore left to deal with (33) . It is clear that for each i ∈ {1, ..., n} there exists a positive constant c i such that dγ qi L ∞ Ω 1 (reg(X),h) ≤ c i . Consider now any function γ pj with j ∈ {1, ..., m} arbitrarily fixed. For simplicity let us label ξ :
Clearly we have
where we recall that
Ap j ) and this in turn implies immediately
) for each i ∈ {1, ..., n} and for each j ∈ {1, ..., m} respectively. Summarizing, for each j ∈ {1, ..., m}, we have
). To this aim, using the first point of this theorem, it is enough to prove that there exists a constant r > 0 such that for every f ∈ C ∞ c (reg(X)) we have f
Hence let us consider any f ∈ C ∞ c (reg(X)). Let us fix an open cover W of X and a subordinated continuous partition of unity {γ q1 , ..., γ qn , γ p1 , ..., γ pm } both as in (32) . Obviously f γ qi ∈ C ∞ c (V qi ) for each i ∈ {1, ..., n} and f γ pj ∈ C ∞ c (reg(V pj )) for each j ∈ {1, ..., m}. According to (30) there are positive constants r i > 0, s j > 0, i ∈ {1, ..., n}, j ∈ {1, ..., m} such that:
for some r > 0 sufficiently big. The proof of the second point is thus complete. Finally the third property of this statement follows by the second one and Prop. 4.3 in [3] .
The next result is concerned with the properties of the Friedrich extension of the Laplace-Beltrami operator.
Theorem 3.2. Let (X, h) be a compact and irreducible Hermitian complex space of complex dimension v > 1.
Consider the Laplace-Beltrami operator
be its Friedrich extension. Then (35) has discrete spectrum and
is a core domain for (35).
be the eigenvalues of (35). Then
be the heat operator associated to (35). Then (38) is a trace class operator and its trace satisfies the following estimate
Proof. According to Th. 3.1 we have a continuous inclusion
for 0 < t ≤ 1 and for some constant C > 0. Since (38) is a trace class operator we get immediately that (35) has discrete spectrum. Moreover, by the fact that Tr(e −t∆
we get, by applying a classical argument from Tauberian theory as in [32] pag. 107, that lim inf 
, h)} and thus we can conclude that (36) is a core domain for (35). Finally we observe that the third point of Th. 3.1 implies directly that ∆ F :
is endowed with the corresponding graph norm. Hence by composing we get a compact inclusion D(∆ F ) → L 2 (reg(X), h) and this is in turn equivalent to say that (35) has discrete spectrum.
In the next result we deal with the Friedrich extension of the Hodge-Kodaira Laplacian acting on functions. 
1. (40) has discrete spectrum,
) is a compact operator where D(∂ min ) is endowed with the corresponding graph norm.
Proof. According to [7] Lemma 3.1 we have ∆
Hence the first property above follows immediately by the second one using the inequality
). Moreover Prop. 2.1 shows that they are actually equivalent. Hence during the proof we will deal only with the second property. Let {f k } k∈N be a bounded sequence in D(∂ min ). Since C ∞ c (reg(X)) is dense in D(∂ min ) we can assume that {f k } k∈N ⊂ C ∞ c (reg(X)). Let W = {V q1 , ..., V qn , V p1 , ..., V pm } be an open cover of X and let {γ q1 , ..., γ qn , γ p1 , ..., γ pm } be a partition of unity subordinated to W both as in (32) . Without loss of generality we can choose the integer n, the points q 1 , ..., q n ∈ reg(X) and the corresponding open neighborhoods V q1 , ..., V qn in such a way that for each i ∈ {1, ..., n} there exists a relatively compact open subset B qi ⊂ C v with smooth boundary and a biholomorphism ψ i : V qi → B qi that extends to a diffeomorphism
Now, for each j ∈ {1, ..., m} and i ∈ {1, ..., n}, we want to show that {γ pj f k } k∈N and {γ qi f k } k∈N admit a convergent subsequence in L 2 (reg(X), h). We start by facing with 
) and let D(∂ min ) be the domain of its minimal extension. It is straightforward to check that {b pj ,k } k∈N is a bounded sequence in D(∂ min ) endowed with the corresponding graph norm. This is an immediate consequence of the fact that φ pj : (reg(V pj ), h| reg(Vp j ) ) → (reg(Y pj ), ζ pj ) is a biholomorphism and an isometry and that ζ pj is quasi-isometric to ζ pj . Hence, in order to show that {b pj ,k } k∈N has a convergent subsequence in L 2 (reg(Y pj ), ζ pj ), it is enough to prove that the following inclusion
where D(∂ min ) is endowed with the corresponding graph norm is a compact operator. According to Prop. 2.1 (42) is a compact operator if and only if
has discrete spectrum. On the other hand, since (reg(Y pj ), ζ pj ) is Kähler, we have 2(
. Therefore (43) has discrete spectrum if and only if
has discrete spectrum. Finally, using again Prop. 
where
and it is endowed with the corresponding graph norm. In this way, thanks to the Sobolev embedding (28) and the fact that (reg(Y pj ), ζ pj ) has finite volume, we are in position to use Prop. 4.3 in [3] in order to conclude that the con-
Hence as previously explained this tells us that (42) is a compact operator which in turn implies that {b pj ,k } admits a convergent subsequence in L 2 (reg(Y pj ), ζ pj ) and thus eventually we can conclude that {γ pj f k } k∈N has a convergent subsequence in L 2 (reg(X), h). Summarizing we have shown that for each j ∈ {1, ..., m} {γ pj f k } k∈N has a convergent subsequence in L 2 (reg(X), h). Likewise, using (41) and arguing in a similar manner, we can show that for each i ∈ {1, ..., n} {γ qi f k } k∈N has a convergent subsequence in L 2 (reg(X), h). Now let us consider a subsequence
) for each i ∈ {1, ..., n} and j ∈ {1, ..., m} respectively. It is clear that such a subsequence exists. We claim that {f k } k∈N is a Cauchy sequence in L 2 (reg(X), h). Indeed, choosing an > 0 arbitrarily small we can find a sufficiently big integer r > 0 such that for each r ≥ r, s ≥ r we have γ qi (f s − f r ) L 2 (reg(X),h) ≤ n+m and γ pj (f s − f r ) L 2 (reg(X),h) ≤ m+n for each i ∈ {1, ..., n} and for each j ∈ {1, ..., m}. Therefore
This shows us that {f k } k∈N is a Cauchy sequence in L 2 (reg(X), h) and so we achieved the conclusion that {f k } k∈N admits a convergent subsequence in L 2 (reg(X), h) as desired. The proof is thus complete.
In the remaining part of this section we collect some consequences of Th. 
be its Friedrich extension. Let
be the eigenvalues of (45). Then we have µ k = λ k 2 where {λ k } k∈N are the eigenvalues of (35). In particular we have lim inf
be the heat operator associated to (45). Then (47) is a trace class operator and its trace satisfies the following estimate
Proof. First we point out that, thanks to Th. 3.3, we know that (45) has discrete spectrum. Since (reg(X), h) is Kähler we know that ∆ = 2∆ ∂ on C ∞ (reg(X)), where ∆ = d t • d is the Laplace-Beltrami operator and ∆ ∂ = ∂ t • ∂ is the Hodge-Kodaira Laplacian acting on functions. Hence, as unbounded operators acting on
. Now the conclusion follows immediately by Th. 3.2.
In the next corollary we consider the case of a Hermitian holomorphic vector bundle.
Corollary 3.2. Let (X, h) be as in Th. 3.1. Let E → X be a holomorphic vector bundle of complex rank s. Let ρ be a Hermitian metric on E| reg(X) . Assume that for each point p ∈ X there exists an open neighborhood U and a holomorphic trivialization ψ : E| U → U × C s such that, labeling by σ the Hermitian metric on reg(U ) × C s induced by ρ through ψ, we have c
where τ is the Hermitian metric on U × C s that assigns to each point of U the standard Kähler metric of
c (reg(X), E| reg(X) ) be the associated Dolbeault operator and let
be its minimal extension. We have the following properties:
) is a compact operator, where D(∂ E,min ) is endowed with the corresponding graph norm.
The operator
) has discrete spectrum.
Proof. As already remarked it is enough to show only the first property. Let {s n } n∈N be a bounded sequence in D(∂ E,min ). Without loss of generality we can assume that {s n } n∈N ⊂ C ∞ c (reg(X), E). According to the proof of Th. 3.3, in order to show that {s n } n∈N admits a convergent subsequence in L 2 (reg(X), E), it is enough to show the existence of an open cover {A 1 , ..., A t } of X with a subordinated continuous partition of unity {λ 1 , ..., λ t } such that, for each j ∈ {1, ..., t}, the sequence {λ j s n } n∈N ⊂ C c (reg(A j ), E| reg(Aj ) ) admits a convergent subsequence in L 2 (reg(A j ), E| reg(Aj ) ). To this aim consider an open cover W := {V q1 , ..., V qn , V p1 , ..., V pm } with a subordinated continuous partition of unity {γ q1 , ..., γ qn , γ p1 , ..., γ pm } both as in (32) . Moreover, as in the proof of Th. 3.3, we assume that for each i ∈ {1, ..., n} there exists a relatively compact open subset B qi ⊂ C v with smooth boundary and a biholomorphism ψ i : V qi → B qi that extends to a diffeomorphism ψ i : V qi → B qi . Additionally, without loss of generality, we can assume that the integers n and m, the points q 1 , ..., q n , p 1 , ..., p m and the corresponding neighborhoods U q1 , ..., U qn , V p1 , ..., V pm are chosen in such a way that there exist open neighborhoods with compact closureṼ q1 , ...,Ṽ qn ,Ṽ p1 , ...,Ṽ pm such that V qi ⊂Ṽ qi , there is a holomorphic trivialization ψ qi : E|Ṽ q i →Ṽ qi × C s , V pj ⊂Ṽ pj and there is a holomorphic trivialization ψ pj : E|Ṽ p j →Ṽ pj × C s that satisfies (50). Consider now the sequence {γ pj s n } n∈N ⊂ C ∞ c (reg(V pj ), E| reg(Vp j ) ) for an arbitrary j ∈ {1, ..., m}. Let ψ pj : E| Vp j → V pj × C s be a holomorphic trivialization that obeys (50). Let
be the sequence given by f pj ,n := ψ pj • (γ pj s n ). For each n ∈ N let (f pj ,1,n , ..., f pj ,s,n ) be the s components of f pj ,n . By the assumptions, in particular (33) and (50), we have that {f pj ,n } n∈N is a bounded sequence in D(∂ min ), the domain of
Consider now the sequence {f pj ,1,n } n∈N . Arguing as in the proof of Th. 3.3 we can show the existence of a countable subset A 1 ⊂ N such that {f pj ,1,n } n∈A1 converges in L 2 (reg(V pj ), h| reg(Vp j ) ). Consider now the sequence {f pj ,2,n } n∈A1 . Arguing again as in the proof of Th. 3.3 we can show the existence of a countable subset A 2 ⊂ A 1 ⊂ N such that {f pj ,2,n } n∈A2 converges in L 2 (reg(V pj ), h| reg(Yp j ) ). Repeating this procedure s times we found a countable subset A s ⊂ N such that {f pj ,1,n } n∈As ,...,{f pj ,s,n } n∈As are s convergent sequences in L 2 (reg(V pj ), h| reg(Vp j ) ). Clearly this is equivalent to saying that {(f pj ,1,n , ..., f pj ,s,n )} n∈As is a convergent sequence in L 2 (reg(V pj ), C s ), with C s endowed with τ , and finally this amounts to saying that {γ pj s n } n∈As is a convergent sequence in L 2 (reg(V pj ), E| reg(Vp j ) ). Clearly arguing in the same way we can show the existence of a convergent subsequence of {γ qi s n } n∈N for each i ∈ {1, ..., n}. Summarizing we have proved the existence of an open cover W = {V q1 , ..., V qn , V p1 , ..., V pm } of X with a subordinated continuous partition of unity {γ q1 , ..., γ qn , γ p1 , ..., γ pm } such that {γ pj s n } n∈N admits a convergence subsequence in L 2 (reg(X), E| reg(X) ) for each j ∈ {1, ..., m} and analogously {γ qi s n } n∈N admits a convergence subsequence in L 2 (reg(X), E| reg(X) ) for each i ∈ {1, ..., n}. As remarked at the beginning this is enough to establish the corollary. The proof is thus concluded.
Corollary 3.3. Let (X, h) be as in Th. 3.1. Let E be a vector bundle over reg(X) endowed with a metric τ . Finally let ∇ :
We have the following properties:
0 (reg(X), E).
• Assume that v > 1. Then there exists a continuous inclusion
• Assume that v > 1. Then the inclusion
Proof. According to [4] or [31] we know that (reg(X), h) is parabolic. Now the statement follows by Th. 3.1 and Prop. 4.1 in [3] .
Corollary 3.4. Let (X, h) be as in Theorem 3.1. Let E and F be two vector bundles over reg(X) endowed respectively with metrics τ and ρ. Finally let ∇ : C ∞ (reg(X), E) → C ∞ (M, T * reg(X) ⊗ E) be a metric connection. Consider a first order differential operator of this type:
where θ 0 ∈ C ∞ (reg(X), Hom(T * reg(X) ⊗ E, F )). Assume that θ 0 extends as a bounded operator
Then we have the following inclusion:
In particular (54) holds when D is the de Rham differential
Proof. This follows by the fact that (reg(X), h) is parabolic and Prop. 4.2 in [3] We point out that in the above corollary the case of the Dolbeault operator has been already treated in [31] . Consider again a compact and irreducible Hermitian complex space (X, h) of complex dimension v. Let reg(X) be its regular part and let E be a vector bundle over reg(X) endowed with a metric σ. Finally let
We consider a Schrödinger-type operators
is the formal adjoint of ∇ and L ∈ C ∞ (reg(X), End(E)).
Corollary 3.5. Let V , E, σ, h, L and ∇ be as described above. Let
be a Schrödinger type operator. Assume that:
• P is symmetric and positive.
• There is a constant c ∈ R such that, for each s ∈ C ∞ (reg(V ), E), we have σ(Ls, s) ≥ cσ(s, s).
is a trace class operator and its trace satisfies the following inequality:
where m is the rank of the vector bundle E.
Proof. This follows by Th. 3.1 and Prop. 4.5 in [3] .
Corollary 3.6. In the setting of Cor. 3.5. The operator
, E) has discrete spectrum. Moreover, for t ∈ (0, 1], we have the following inequality:
where C is the same constant appearing in (39). Let {λ k } be the sequence of eigenvalues of
Then we have the following asymptotic inequality:
Proof. This follows immediately by Cor. 3.5 and Th. 3.2.
Finally we have the last corollary of this section.
Corollary 3.7. Under the assumptions of Cor. 3.5. Assume that v > 1. Then we have the following properties:
F is a ultracontractive operator for each 0 < t ≤ 1. This means that for each 0 < t ≤ 1 there exists a positive constant C t > 0 such that
for each s ∈ L 1 (reg(X), E). In particular, for each 0 < t ≤ 1, e −tP
Proof. This follows by Cor. 3.5 and Prop. 4.6 in [3] .
We conclude this section by pointing out that thanks to Cor. 3.7 we know that all the eigenfunctions of
4 The Hodge-Kodaira Laplacian on possibly singular complex surfaces
In this section we extend to the setting of possibly singular complex surfaces some of the results proved in [2] in the case of complex projective surfaces endowed with the Fubini-Study metric. Since many of the following results follow by the same strategy used in [2] we will omit the details in the proofs and we will refer directly to the corresponding results in [2] .
Theorem 4.1. Let (X, h) be a compact and irreducible Hermitian complex space of complex dimension v = 2.
For each q = 0, 1, 2 we have the following properties:
Proof. We start by considering the operator ∆ ∂,2,0,abs :
In this case the statement is a particular case of Th. 5.1 in [2] . Now we deal with ∆ ∂,2,2,abs : We are therefore left to prove that ∆ ∂,rel : . It remains to show that
) has discrete spectrum. This in turn is equivalent to showing that the inclusion
is a compact operator where D(∆ ∂,2,1,abs ) is endowed with the corresponding graph norm. According to [30] we know that H 2,q 2,∂max (reg(X), h) is finite dimensional for each q. Therefore, using [6] Th. 2.4, we can conclude that, for each q = 0, ..., 2, im(∂ 2,q,max ) is closed and that ∆ ∂,2,q,abs :
) is a Fredholm operator on its domain endowed with the graph norm. Hence, by the fact that ∆ ∂,2,1,abs :
) is Fredholm and self-adjoint, we know now that (59) is a compact operator if and only if the following inclusion is a compact operator
where D(∆ ∂,2,1,abs ) ∩ im(∆ ∂,2,1,abs ) is endowed with the graph norm of ∆ ∂,2,1,abs . Now the conclusion follows by arguing as in the proof of the first point of Th. 5.3 in [2] . Finally the second and the third point of this theorem follow by using the same arguments used to show the second and the third point of Th. 5.2 in [2] .
Theorem 4.2. In the setting of Th. 4.1. Assume that h is Kähler. Let q ∈ {0, 1, 2} and consider the operator
be the eigenvalues of (61). Then we have the following asymptotic inequality
Consider now the heat operator associated to (61)
Then (63) is a trace class operator and its trace satisfies the following estimate
for t ∈ (0, 1] and some constant C q > 0.
Proof. The case q = 0 follows by Th. 5.1 in [2] . Consider now the case q = 2. Then, as pointed out in the proof of Th. 4.1, we have * • c • ∆ ∂,2,2,abs = ∆ F ∂
• * • c. Moreover, using the fact that h is Kähler, we have
. Therefore the case q = 2 follows using Cor. 3.1. Finally the case q = 1 follows by using the same arguments used in the proof of Th. 5.4 in [2] .
As a consequence of the previous theorem we retrieve the McKean-Singer formula for the L 2 -∂-complex (L 2 Ω 2,q (reg(X), h), ∂ 2,q,max ) in the setting of possibly singular Kähler surfaces. Consider the operator
with domain given by
In order to state the next results we also need to recall briefly the existence of a resolution of singularities. This is a deep topic in complex analytic geometry and we refer to the celebrated work of Hironaka [15] , to [5] and to [14] for a thorough discussion on this subject. Furthermore we refer to [11] and to [18] for a quick introduction. Below we simply recall what is strictly necessary for our purposes. Let X be a compact irreducible complex space. Then there exists a compact complex manifold M , a divisor with only normal crossings D ⊂ M and a surjective holomorphic map π : M → X such that π −1 (sing(X)) = D and
is a biholomorphism. We have now all the ingredients to state the next corollary. 
In particular we have
where π : M → X is any resolution of X, K M is the sheaf of holomorphic (2, 0)-forms on M and χ(M,
Proof. That (∂ 2,max + ∂ 
that is the Friedrich extension of ∆ ∂,2,q : Ω
be the eigenvalues of (70) and let
be the eigenvalues of (61). Then we have the following inequality for every k ∈ N
In particular we have lim inf
Consider now the heat operator associated to (70)
Then (73) is a trace class operator and
In particular we have the following estimate for Tr(e
for t ∈ (0, 1] and some constant B q > 0.
Proof. The inequality (71) follows by the min-max Theorem arguing as in the proof of Th. 5.5 in [2] . The remaining properties follow now immediately using (71) and Th. 4.2.
We have the following application concerning forms of bi-degree (1, 0). ). Now all the statements of this theorem follows by Th. 4.3.
In the last part of this section we collect various corollaries that arise, through (20) and Prop. 1.4, as immediate consequences of the results proved so far. :
has discrete spectrum. Let 0 ≤ µ 1 ≤ µ 2 ≤ ... ≤ µ k ≤ ... We conclude the paper with the following McKean-Singer formula concerning (L 2 Ω 0,q (reg(X), h), ∂ 0,q,min ). Let X and h be as in Th. 4.1. Consider the operator
whose domain is Proof. The equality (94) can be proved arguing as in the proof of (68). The equality (95) follows by (94) and the results established in [30] .
